Abstract-This paper presents a novel graph theory based approach for restoring large scale power systems affected by complete blackouts. The proposed graph theory based method assesses the power system in blackout and represents the required information in a graph. The graph is initially used to determine the sectionalizing strategy. To do so, an un-normalized spectral clustering algorithm is implemented. The method then applies parallel power system restoration, restoring the created islands in parallel. Thus, the restoration process is speeded up. An algorithm for computing the k-shortest simple paths from the blackstart unit in each island to the non-blackstart units and loads in the same island is then carried out. By implementing the proposed method, cranking power can be rapidly sent to nonblackstart units and loads can be picked up quickly. The new graph theory based method is tested on the New England 39-bus test system. Simulation results are used to demonstrate the effectiveness of the proposed method on restoring systems affected by complete blackouts.
INTRODUCTION
Power System Restoration (PSR) is the process carried out after a partial or complete power system blackout. Restoring the network as quickly as possible, taking into consideration the static and dynamic constraints previously defined by the grid codes, is the main objective of system operators during PSR. By speeding up the restoration process, system operators directly reduce the cost of the power system blackout.
Two main strategies to restore power systems are stated in [1] and [2] . Nevertheless, it should be mentioned that the selection of the strategy to be implemented in a particular power system depends mainly on the characteristics of that network. The "build-up" approach sectionalizes the entire power system into smaller subsystems, also called islands. Then, the created islands are restored in parallel by applying Parallel Power System Restoration (PPSR). On the other hand, the "build-down" strategy reenergizes the bulk network before resynchronizing loads and generators. Extended analysis of these two strategies is presented in [1] - [5] .
Since the restoration duration is significantly reduced when implementing the "build-up" strategy, PPSR is considered as the predominantly used worldwide restoration scheme. When applying the "build-up" strategy, the power system affected by the blackout is assessed first. Then, the Sectionalizing Strategy (SS) is determined. The SS must define the boundary of the islands, such that each island has at least one Blackstart (BS) unit [1] - [6] . Other important constraints to be considered when determining the SS are mentioned in Section II. When the SS is identified, the islands are restored in parallel. When the created islands are completely stable, these are resynchronized and the entire system is finally restored. During the synchronization of the created islands, the monitoring of the boundary buses is vital for a successful restoration.
Two main advantages on applying PPSR are: (i) the restoration time duration is considerably reduced, and (ii) in case of a large disturbance in an island, a recurrent blackout would only occur in the affected area [1] - [3] . However, as the network is separated into islands, the stability margins of the islands are an important issue to be considered during PPSR. Also, different blackstart (BS) units are required to be available and distributed in the network.
Research on determining the optimal unit restarting sequence and different network reconfiguration approaches can be found in [6] - [8] . These methods present interesting results for these two particular problems during the restoration process. However, more general methods to aid operators during the restoration process are still required.
As PPSR presents several advantages over the "builddown" strategy, this paper presents a new graph theory based method to restore large scale power systems affected by complete blackouts. By representing the network as an undirected graph, the first step of the proposed method separates the affected network into the fewest islands required to satisfy various PPSR constraints [1] - [6] . This first step considers information obtained from the assessment of the network in blackout. Unavailable machines, lines without synchro-check relays, and information from system operators are considered and eventually used when computing the SS. This SS is computed using an un-normalized spectral clustering (USC) algo-rithm. The determined SS must create islanding satisfying BS availability, providing sufficient power generation within each island and ensuring that the tie-lines are equipped with synchro-check relays.
The second step, which is carried out simultaneously for each of the created islands, applies an efficient algorithm to determine the k-shortest simple paths between the BS unit in each island to the non-blackstart (NBS) units and loads in the same island. When computing the shortest paths between any two elements, the number of connections required (number of edges) and the electrical distance between these elements are determined. Then, the determined paths are ranked based on the number of connections required for energizing the element and the electrical distance between these. It must be noted that the number of connections required is proportional to the time duration to restore that element. As Critical loads (CLs) are more important than common loads, these are picked up first. In addition, cranking power is rapidly sent to NBS units. Finally, the sequence of events for each island is presented and the estimated time to restore the elements is determined. It is important to mention that this paper does not consider time constraints related to thermal machines.
The paper is organized as follows. Section II presents the graph theory fundamentals. It also extends the PPSR approach. Section III presents the graph theory method. Section IV presents the simulation results and the analysis. Section V concludes the paper and presents future work.
II. POWER SYSTEM RESTORATION AND GRAPH THEORY
In this section, some graph theory fundamentals, the USC and the k-shortest simple paths algorithms are introduced. This section also extends the PPSR approach and details the constraints and the assumptions considered in this paper.
A. Graph Theory Fundamentals
Multiple power systems properties can be conveniently described by means of a diagram consisting of a set of vertices together with a set of edges joining certain pairs of these vertices. Therefore, an undirected graph G = (V, E, W) is used in this paper to represent an electrical network with n b buses, n g generators and n bs BS units.
In the graph G, the elements v i ∈ V, i = 1,2,...,n b , and e ij ∈ E ⊂ V×V, i, j = 1,2,...,n b , denote the set of nodes and edges, respectively. The sets V and E represent the buses and branches in the power system, respectively. A subset B ⊂ V, of size n bs , is defined to represent only those generators which are BS units. The elements w ij ∈ W, i, j = 1,2,...,n b , represent the weight factors associated with each edge e ij ∈ E. The weighted adjacency matrix, denoted as W, is built by using the susceptance in p.u., denoted as b ij , between nodes i and j. The un-weighted adjacency matrix, denoted as A W , can also be computed by ignoring the weight factors and considering only the connectivity between nodes i and j.
B. Cutset Definition
In graph theory, a cutset E S , which partitions G, represents the set of edges that needs to be removed to separate the graph into r sub-graphs. For simplicity, the bisection case (r = 2) is initially used to separate G into two disjoint sub-graphs G 1 and G 2 . Nevertheless, by applying recursive bisection [9] , [10] , the method can also determine the SS for r > 2. The cut (1) is represented as the sum of the weights of the edges contained in the cutset [11] . 
The graph-cut problem is then defined as finding the cutset that bisects the graph with minimum cut [11] i.e. min {cut(V 1 , V 2 )}. In the sectionalizing problem, the set of edges contained in E S represents the set of transmission lines in the actual power system that should not be closed to create the islands after the blackout.
C. Spectral Clustering Algorithm
Representing the network in blackout as a graph converts the sectionalizing problem into a graph-cut problem. Several methods can be used to solve the graph-cut problem. Spectral clustering is implemented in this paper to determine the SS. The un-normalized Laplacian Matrix, denoted as L, is defined for a graph G as shown in (2) [11] . (2) the k-medoids algorithm [12] .
When computing the steps mentioned above, the disjoint sets V 1 and V 2 are determined. When requiring more than two islands, the set with various BS units (more than one BS unit) should be used to apply recursive bisection. The previous steps would need to be applied to this new set.
D. K-Shortest Simple Paths
Considering two designated nodes s, t ∈ V, a path P of G from a BS unit located at node s to a NBS unit or load located at node t is an alternating sequence v 0 , e 0,1 , v 1 , e 1,2 ,..., e n-1,n , v n , of distinct nodes v i ∈ V and edges e ij ∈ E, where v 0 = s and v n = t. The total length l(P) from s to t in the path P is defined as the sum of the symmetric lengths l ij contained in P. It should be mentioned that the length l ij is defined as one, when computing the number of connections required, or as 1/w ij (w ij ∈ W) when computing the electrical distance between the connected nodes i and j.
( )
The problem of finding the shortest simple path from s to t is studied by Dijkstra in [13] . However, considering all the problems that might arise during the restoration process, such as sudden unavailability of branches, this paper implements an algorithm to determine the k-shortest simple paths [14] . Therefore, when the absolute shortest simple path cannot be implemented during the restoration process, the second or others shortest simple paths can be used instead.
The proposed k-shortest simple paths algorithm uses a subroutine of the first simple path to determine the shortest simple path from s to t [13] , [14] . Then, a set of k-shortest simple paths {P 1 , P 2 ,..., P k-1 , P k } is determined. When l(P) for the kshortest simple paths from the BS unit to all NBS units and loads are computed, the case with minimum number of connections required is selected. In the case when the number of connections between the restored elements to the element to be energized is the same, the shortest electrical distance is used as a second criterion. The algorithm to determine the kshortest simple paths is presented in an ALGOL-like language in [14] and it is illustrated in a flow chart in Fig. 1 . 
E. Parallel Power System Restoration
When determining the SS to create islands in power systems affected by complete blackouts, several constraints should be taken into account [1] . Typically, the SS must create islands satisfying the following constraints:
i. BS availability and capability within islands, ii. ability to meet active and reactive power load with the active and reactive power generation in each island, iii. ability to maintain a suitable voltage profile, to pick up loads, to underexcite generations units, to change taps and to operate synchronous condensers, iv. the monitoring of each island by the system control center to ensure correct operation, and v. ensuring that all tie-lines are capable of swinging generation and measuring synchronization with adjacent subsystems. From the above list, the novel graph theory based approach presented in this paper ensures the first, second and fifth constraints. It is assumed that system operators will adequately control the variables in the system during the actual restoration process. It is also considered that the included resources will be used by the operators in an appropriate way to maintain steady-state stability (the frequency and bus voltages within each island) during the restoration process. Transient stability should also be evaluated by simulating the scenarios to restore the islands i.e. by simulating the selected paths to send cranking power to NBS or the paths to pick up loads.
III. GRAPH THEORY BASED METHOD FOR POWER SYSTEM RESTORATION
The proposed graph theory based method is presented in this Section. Fig. 2 shows the flow chart of the proposed method. As noticed, the only input to the method is the graph information presented in Section II-A. Then, the USC algorithm, explained in Section II-C, determines one SS to separate the entire network into islands. The SS creates islands with at least one BS unit and constraints certain branches to be excluded from the SS. To exclude transmission lines without synchro-check, the weight factors associated with the edge, representing the transmission line to be excluded, is changed to a high value. Thus, the modified matrix W must be computed. To ensure BS availability, the USC algorithm is constrained to include a node v i ∈ B within each island. When the SS is obtained, the total active power consumption ( ) max , L P σ and maximum active power generation ( ) max , G P σ within the island σ, σ = 1,2,…,r, are computed. Here, it is expected that max , L P σ can be met by max , G P σ within the same island. If the maximum active power generation is smaller than the active power load within the same island, a new SS will be computed. It is important to mention that the final SS must: (i) satisfy the BS availability, (ii) provide sufficient power generation within each island and (iii) ensure that the tie-lines are equipped with synchro-check relays.
When the final SS is determined, the proposed method restores the created islands in parallel. Thus, the restoration process is speeded up. As shown in Fig. 2 , the k-shortest simple paths from the BS unit in each island (source node s) to all the NBS units and loads within the same island (destination nodes t) are computed. It should be noted that this process is carried out in parallel for all the created islands. These paths are tabulated with the corresponding values of l(P). When the number of connections and the electrical distance between the BS unit and all the NBS units and loads, within each island, are computed, the element with minimum number of connections is restored. It must be mentioned that CLs, or NBS units, are picked up, or cranked, first. Non-critical loads might be picked up before CLs or NBS units, only if these are in the path from the restored element to the CL to be picked up or to the NBS unit to be cranked. When the number of connections required from the restored element to the element to be energized is the same, the electrical distance is considered. Thus, the electrically closest element is restored first. When this element is restored, a new updated table is computed with the new values of l(P) from the restored buses to the remaining elements which are not restored at this stage of the restoration process. Therefore, the proposed graph theory based method is now converted into an iterative process which updates previous solutions and stops when all elements are restored. This last process is repeated until all NBS units and loads in sub-graph G σ , σ = 1,2,…r, are in service.
IV. SIMULATION RESULTS
The proposed graph theory based method for restoring a power system in blackout is tested and validated using the New England 39-bus test system. Fig 3 shows the topology of this test system. The scenario of a complete shutdown is assumed. The susceptance of the lines, the power generation limits and the possible power consumption are obtained from [15] . This paper assumes the availability of three BS units: G3 (node v 32 ), G4 (node v 33 ) and G8 (node v 37 ). Therefore, this test system can be sectionalized into three islands. The remaining generators are considered as NBS units. CLs are located at nodes v 7 , v 18 , v 21 , v 23 , v 26 . The remaining loads are considered non-critical loads.
The transformers in the New England 39-bus test system are all constrained to be excluded from the SS. The set of edges {e 1,2 , e 3,18 , e 15,16 } is also excluded from possible solutions. These lines are assumed without synchro-check relays. After applying these constraints, the new matrix W is created. By using the USC algorithm, the solution to the sectionalizing problem is obtained. Since the weight factors associated with the edges represent the susceptance of the branches, long transmission lines are expected to be included in the SS. Therefore, the problems caused by the reconnection of long and unloaded lines during the first stages of the restoration process can be reduced. As a consequence, the solution to the sectionalizing problem reduces high charging currents produced when reconnecting long and unloaded lines during the first stages of PSR. The solution to the sectionalizing problem using the USC algorithm is shown in Fig. 4 . As expected, this solution includes a BS unit within each island. Thus, BS units at nodes v 37 , v 32 and v 33 are included in the Island 1, Island 2 and Island 3, respectively. It can also be noticed that the transformers and lines without synchro-check relays are all excluded from the SS. To conclude that the SS satisfies the considered constraints, the total active power consumption and the maximum active power generation within each island are computed. Table I shows these values for each of the created islands. As noticed in Table I , there is sufficient active power generation within each island. Therefore, the load consumption within each island can be completely restored. Thus, it is concluded that the created islands are independent. Table I also shows the CLs and the NBS nodes within each island. This information is used to determine the optimal sequence to restore the elements within the islands. When the SS is determined, the k-shortest simple paths from the source nodes, the BS units, to the destination nodes, the NBS units and loads, are then determined. To evaluate the time required to restore the islands, Table II presents the times to complete restorative actions [6] , [16] . These times are considered in the search for transmission paths. Various switching times need to be incorporated when computing the actual restoration time in real power systems [6] , [16] . Due to space limitation, the actual restoration of the islands is explained in detail using the Island 1. As the BS unit in the Island 1 is located at node v 37 , this node is then considered as the source node. Therefore, the BS unit is in operation after 15 min (A1 in Table II ). For simplicity, the value of k is set to be two. With this value of k, path redundancy, defined as multiple paths from s to t, is ensured in case of unexpected unavailability of branches. The 2-shortest simple paths to the NBS units and loads in the Island 1 are shown in Table III . The second shortest path is not shown in some cases since the number of connections required is not acceptable for PSR. As noticed in Table III , the load at node v 25 requires only one connection from the BS unit. Thus, this element is restored after 15 min (A2+A6). Restoring the node v 25 reduces the number of connections required to restore the CL at node v 26 . Therefore, as the method focuses on restoring CLs, this load is restored. After 15 min (A2+A6), the CL at node v 26 is picked up from v 25 . Since the objective is also to restore the NBS units, the NBS unit at node v 30 is then selected to be restored from v 25 . Thus, after 25 min (A2+A2+A4) this NBS unit is assumed in operation. It must be noted that this paper does not consider the time required by generators to be able to inject power to the system. Also, it should be noted that node v 2 is a zero injection node.
As it can be noticed, the NBS unit at node v 38 requires now two connections. This NBS unit is, therefore, restored after 35 min (A2+A6+A2+A4). As noticed, when sending cranking power to this NBS unit from node v 26 , the load at node v 29 is also picked up. Here, it is important to note that if the transmission line 26-29 is suddenly unavailable, system operators must use the second shortest path. Thus, it is important to determine various paths in case of unexpected problems during the restoration process. v25, v26, v29, v38} {v37, v25, v26, v28, v29, v38} 4 5 As it can be noticed, the CL at node v 18 has not yet been restored. Therefore, the graph theory based method, which focuses on CLs before reconnecting non-CLs, restores this element after 30 min (A2+A6+A2+A6). This load is picked up from node v 2 , which was previously restored. It should be noted that load at node v 3 is also restored during this process. To conclude the restoration of the Island 1, it can be noticed that the load nodes v 1 , v 27 and v 28 are the last three loads to be restored. Considering that these loads cannot be connected at the same time, the loads at nodes v 1 , v 27 and v 28 are restored after 45 min (A2+A6+A2+A6+A2+A6). Nevertheless, it is common that system operators restore various loads at the same time, which will eventually reduce the restoration duration. This Island 1 is completely restored after closing the lines which remain open. As noticed, there are three lines still open (e 17,18 , e 17,27 and e 28,29 ) and these are close after 15 min. Thus, as it can be concluded, the Island 1 is completely restored after 195 min. Similar analysis can be carried out for the Island 2 and Island 3. Table IV presents the sequence of restoration actions to be carried out in the Island 2. It must be mentioned that the method does not consider the synchronization of zero injections buses as a "Restored Element". In other words, this paper considers the restoration of generation nodes and load nodes with consumption different to zero. Following the sequence shown in Table IV , the remaining lines still open in the Island 2 must be closed. As it can be determined, there are five lines which must be closed to completely restore the Island 2. Thus, after 25 min more, for a total of 185 min, this island is restored.
It is important to note that the method does not consider degree of importance to load buses. It also neglects the thermal time presented in generators. Therefore, it is assumed that these machines can be restored when the graph theory based method determines these must be restored. Table V shows the sequence of restoration actions to completely restore the Island 3. This sequence, in addition to the reconnection of line 16-24, completely restores the entire Island 3 after 180 minutes. 
When the three islands are completely restored, these can be resynchronized. As noted in the SS, four tie-lines are included in this SS. In addition, using the times provided in Table II, it can be noticed that the three islands are resynchronized after 100 minutes.
V. CONCLUSION AND FUTURE WORK
This paper presented a novel graph theory based method for restoring large scale power systems affected by complete blackouts. An un-normalized spectral clustering algorithm was implemented to determine the sectionalizing strategy. Including at least one BS unit within each island and ensuring sufficient active power within the created islands allows the efficient and independent restoration in parallel of the created islands. The created islands are restored based on a topological analysis. For this purpose, an efficient k-shortest simple paths algorithm was implemented. The minimum number of connections and the electrical distance, from the restored elements to the elements to be energized, were the only consideration taken into account to determine the element to be restarted. By using the number of connections and the electrical distance, the proposed method speeds up the restoration. In addition, cranking power can be rapidly sent to non-blackstart units within each island from the blackstart unit in the same island. In addition, loads in each island can also be picked up quickly. Excluding transmission lines without synchro-check relays from the sectionalizing strategy allows the monitoring of the boundary buses during the resynchronization of the created islands during the last stage of the restoration process.
When computing the SS, reactive power support to system operators was not considered. Thus, it is of great interest to introduce such constraint in future studies. Further studies considering degree of importance in loads, i.e. some loads must be restored before others, are also required. Further research also needs to consider the time constraints related to thermal units, the constraints related to capability curves and the constraints related to cranking power capacity to be sent to NBS units. These constraints must be taken into account to reflect the actual power system restoration. Ramping time in synchronous machines should also be considered to determine the actual restoration duration. Future work must also focus on restarting NBS units and picking up loads to stabilize machines, considering stability constraints. The time required by NBS units to be able to inject power to the system should also be taken into account. Charging currents produced when reconnecting remaining long and unloaded lines must also be studied. All these issues are of great interest to support system operators during the restoration process.
